P roducts and systems contain design variables such as dimensions, tolerances and material properties. One of the tasks of the design team is to explore the design space and to select the design variables that give the best performance in terms of technical specification, cost and schedule. Designers often model and analyse the performance of products and systems with physical equations. However, it is generally not possible for designers to optimise and select design variables by just inspecting the bare equations because the equations are often complicated and difficult to interpret directly.
P roducts and systems contain design variables such as dimensions, tolerances and material properties. One of the tasks of the design team is to explore the design space and to select the design variables that give the best performance in terms of technical specification, cost and schedule. Designers often model and analyse the performance of products and systems with physical equations. However, it is generally not possible for designers to optimise and select design variables by just inspecting the bare equations because the equations are often complicated and difficult to interpret directly.
In order to understand and interpret the equations of performance, designers often produce performance charts where aspects of performance are plotted against the design variables. These charts enable designers to visualise how performance changes as a particular design variable is changed. The performance charts are used to select and optimise each design variable. Traditional performance charts generally contain only one or two design variables. For example, in the area of mechanical design it is common to find performance charts with one 1-4 and two 5 design variables. In standard optimisation analysis, performance charts are also limited to one or two variables. 6 However, products and systems often contain more than two important design variables. In order to graphically represent the performance of a system as a function of more than two design variables it is usually necessary to produce a large number of separate performance charts. These can be difficult to interpret because the design team must understand the relationship between all the separate charts. This paper presents a new concept of performance chart called 'nested performance charts' which are able to plot more than two design variables on one single performance chart. The nested performance charts were developed in consultation with an engineering company specialising in the design of large mechanical structures for bulk material handling 7 . The paper illustrates the new performance chart concept with a structural design optimisation problem that contains four design variables. Figure 1 shows a schematic of a mechanical structure that was studied at the collaborating company. 8 The structure has two lateral beams that are supported by a central pillar and cable stays. The two lateral beams have a uniformly distributed load on them as shown. This type of structure is common in material handling equipment and such structures can weigh several thousand tonnes. The structure has four main design variables. The main design variables are the angles α and θ, and the heights H l and H r , as shown in Figure 1 . Design space using nested performance charts minimising the total mass of the system. A low-mass design has the advantages of lower material costs, lower operational costs, lower transport costs and lower environmental impact. However, the designers must also consider the cost of manufacture and time to delivery. If the minimum weight structure is difficult and expensive to manufacture then it is common to choose a configuration which is slightly sub-optimal from the point of view of mass but which is more convenient to manufacture. In practice, the designers consider a range of low-mass designs and, in consultation with the production department, select one that gives the best combination of performance in terms of weight and producibility.
Case study: mechanical structure with four design variables
For a given loading, P, the weight of a structure can be determined by calculating, for each element, the minimum cross-sectional areas that are required to support the load without yielding. The weight, W, of the structure shown in Figure 1 is modelled by the following equation:
where P is the loading, ρ is the density of the material of the members, g is the gravitational constant, σ is the maximum permissible stress and n is the number of members. Note: all structural elements are assumed to be prismatic (constant cross-section).
Eq. (1) shows that the weight, W, changes if any of the four design variables are changed. When β and γ are inserted into Eq. (1), the equation is extremely large and complicated. As can be seen in Eq. (1), the design variables α, θ, H l and H r appear in many places and so it is impossible to determine optimum values just by inspecting the equation.
One approach to finding the optimum values of the design variables is to use a computational search programme such as a hill-climbing algorithm. However such methods have the following disadvantages: ț they do not provide a visual representation of performance trends ț they do not provide much insight ț they do not facilitate communication within a design team ț they do not necessarily give a wide range of low-mass designs
Another approach to finding optimum values of the design variables is to produce performance charts. The advantage of performance charts is that they give a clear visual representation of performance trends for all or a large part of the design space. The designers can use the charts to identify a range of low-mass designs and also to gain insight into why certain structural features are advantageous. The charts can also be shown to team members who are not experts in structural engineering to illustrate how performance is affected by changes in design parameters. When this is done, performance charts help the whole team to come to an agreement about which concept has the best overall performance. Studies have shown that effective communication of design information amongst team members from different disciplines is an important means of achieving successful concurrent engineering 9, 10 .
The next section gives examples of traditional performance charts for the structure shown in Figure 1 . Figure 2 shows a traditional one-variable performance chart for the structure of Figure 1 where the height H l is the design variable. In this case, the remaining three design variables are fixed with the following values: ț the minimum weight is achieved for a height of H l = 50 m ț the weight increases significantly for small values of H l ț the weight does not vary very significantly for 30 Ͻ H l Ͻ 80
Traditional performance charts 2.1 Performance chart with one design variable
Whilst the performance chart shown in Figure 2 is very useful and clear, it has a drawback in that three design variables are fixed and the chart only reveals a small section of the design space. In order to visualise the performance of the whole design space (i.e. different permutations of all variables) it is necessary to produce a large set of design charts for a number of discrete settings of all the variables. Discretisation is a common method for viewing the design space when there are a significant number of design variables 11 .
The total number of design charts, N, required to cover the whole design space is given by:
where n is the number of design variables, d is the number of discrete levels chosen for the discrete variables.
In the case of a four-variable design problem (n = 4), if design charts were produced for three discrete values (d = 3) of each of the discrete variables (three variables) then it would be necessary produce N = 3 (4Ϫ1)
= 27 charts in total to cover all the different permutations of values of the discrete variables. Such a large number of design charts makes it very difficult for the design team to view the whole design space and gain insight. ing two-variable design charts. It should be noted that two-variable performance charts can also be created on three-dimensional graphs 12 . In such cases it is not necessary to use contour lines because the performance is represented by a surface that is viewed in three-dimensions.
Performance chart with two design variables
As with the one-variable performance chart, it is necessary for the designer to produce separate design charts in order to view the whole design space. For the case of n design variables, the number of two-variable design charts, N, required to cover the whole design space is given by:
In the case of a four-variable design problem (n = 4), if design charts were produced for three discrete values (d = 3) of the discrete variables (two of the variables) then it would be necessary to produce N = 3 (4Ϫ2) = 9 charts.
Even though this is a significant improvement on the number of charts required for single-variable performance charts, there are still a significant number of charts required to view the whole design space. It is difficult to interpret nine separate performance charts, because the designer must understand the relationship between all the separate charts. Design space using nested performance charts
Performance chart with three design variables
There have been attempts to produce three-dimensional performance charts that contain three-dimensional shells of constant performance plotted on a three-axes graph. However, such charts are very complex and difficult to understand. Also, since three-dimensional graphs are not encountered in every day life, people generally find them very difficult to get to grips with. An additional problem with three-dimensional graphs is that even if they can be understood, it is almost impossible to read off the values of the design variables from the axes for a particular level of performance.
A new concept of performance chart: nested performance charts
The nested performance chart consists of a sub-matrix of charts as shown in Figure 4 . This particular nested performance chart shows how performance varies as a function of four variables. Two variables H l and H r are considered at three discrete values and the variables α and θ can be presented as continuous variables in the format of a traditional two-dimensional performance chart.
As shown in Figure 4 , nested performance charts consist of a matrix of sub-charts that are nested within one global chart. An important feature of the chart is that each sub-chart is positioned such that the centre of the sub-chart is located at the exact values of the discrete variables (H l and H r ) for that particular sub-chart. This means that each sub-chart is seen in its correct context. For a given application of the chart, the user must exercise judgement or trial and error in order to find the most appropriate number of discrete levels for each discrete variable.
The nested performance chart is more helpful than having separate design charts, because an individual sub-chart is clearly put into context by being nested within a global chart at the right co-ordinates. The layout also shows how charts are related to each other in the overall scheme. By scanning the chart, it is possible to observe performance trends.
One limitation of nested performance charts is that at least two design variables must be discretised. This means that the charts do not generally reveal the exact optimum values of the design variables. However, the charts enable the designer to quickly identify the approximate values of the optimum design variables. If the designer needs to identify the exact optimum values of the design variables, then they can produce more refined nested charts in the appropriate areas.
When there are four design variables in the design problem, the nested performance chart can be constructed with either two or three variables discretised. These two options are shown in the following sections using the structure of Figure 1 as a case study. Figure 5 shows an example of a nested design chart for the structural design example considered in this paper. The discrete variables are H l and H r and these are considered at three discrete values. The variables α and θ are plotted on traditional two-variable performance charts within each box of the matrix.
Nested performance chart with two discrete variables
In the top right-hand corner of each sub-chart a ranking is given from 1st to 9th that ranks the peak performance within each chart. 1st represents a peak performance with the lowest weight structure. Figure 5 also shows a path from the worst peak performance to the best peak performance.
For the nested performance charts shown in Figure 5 , the following important observations can be made:
ț The best peak performance (lowest weight at optimal point) is achieved when the heights H l and H r are maximised. Design space using nested performance charts ț There is a large weight penalty when H l is constrained in height. ț There is also a weight penalty when H r is constrained in height although not so much as for H l . ț Each column shows that higher values of H l produce performance contours with shallower slopes (wider spaced contours) along the α-axis. Therefore for high values of H l the performance is more sensitive to variations in θ than variations in α. ț Each row shows that higher values of H r makes the position of the optimum point move towards decreasing values of α. On the contrary, the position of the optimum point along θ is not particularly sensitive to the increase of H l in each column.
These observations are much more sophisticated and useful than the observations that could be drawn from the traditional one-and two-variable design charts described in Section 2. This example shows that nested performance charts have the potential to improve the visualisation of the design space. Engineers in the collaborative company found this type of chart very useful for gaining insight into the design problem and facilitating discussions within the design team. Figure 6 shows a version of the nested performance chart where three design variables are discretised. In this case, the angle θ is discretised as well as the heights H l and H r . Only α is shown as a continuous variable. This type of chart can sometimes be more convenient than the one shown in Figure 5 , because the optimum performance is easier to read in each box of the matrix. Figure 6 Version I of nested performance chart for three discrete variables Design space using nested performance charts As with Figure 5 the performance chart shown in Figure 6 can be used to observe trends in performance. However, space availability can make difficult to display 27 graphs, as shown in Figure 6 . In the next section, another version of the nested performance chart is presented which overcomes this drawback. Figure 7 shows another version of the nested performance chart where three design variables are discretised. As in Figure 6 , H l , H r and θ are discretised and α is the variable. In addition, 27 boxes are displayed on the chart. However, in this case the graph in each cell is a single colour (or shade) that indicates the optimum value of α for that particular combination of discrete variables. The darker the colour, the lower the weight (better performance) and vice versa. This chart can sometimes be more convenient than the previous nested performance charts, because there is a direct indication of performance through the colour of the box.
Version II: one variable at optimum value
The chart shown in Figure 7 gives a very straightforward visual representation of performance trends throughout the whole design space. One drawback is that the exact value of the optimum angle α is not immediately shown. However, a computer implementation of the chart could allow this to be easily viewed.
As with the previous nested performance charts, the chart of Figure 7 can be used to see the following patterns of performance:
ț The best peak performance is achieved when the heights H l and H r are maximised. ț H l has a more significant impact on the performance than H r . ț Increases of θ from 40°to 60°, improves the performance.
It is interesting to note that the interpretation of the results in Figure 7 is analogous to the interpretation of the results of a design of experiments (DOE) exercise 13 because the effect of changing individual parameters can be systematically examined. If it is necessary to see a finer detail of output than that shown by Figure 7 then the user can produce more detailed performance charts for any box that looks to have the potential for high performance.
Conclusions
Design charts are an important means by which design teams in all domains visualise the performance of products and systems. This paper has presented a new type of design chart called nested design charts that can present performance as a function of more than two variables. The new type of design chart enables the designer to visualise the whole design space on one single design chart. The design chart helps designers to observe subtle trends in performance as variables are changed. The charts also facilitate discussions within the design team. The method has been applied to a structural design optimisation problem that contains four design variables. The method could be extended in principle to design problems with more than four design variables if there are nests within nests. In such cases, it would be necessary to have a computerised implementation of the concept.
